Distributed Link Scheduling with Constant
Overhead

Loc Bui, Sujay Sanghavi, and R. Srikant

Abstract—This paper proposes a new class of simple, dis-
tributed algorithms for joint congestion control, routing and
scheduling in multihop wireless networks. The class is parmae-
terized by integersk > 1. We show that algorithm % of our class
achievesk/(k + 2) of the capacity region, for everyk > 1.

The algorithms have small and constant worst-case overhead
in particular, algorithm k generates a new schedule using@) time
less than 4k + 2 round-trip times between neighboring nodes
in the network, and (b) at most three control transmissions by
any given node, for any k. The control signals are explicitly
specified, and face the same interference effects as normahtd
transmissions. The multihop congestion controller injecs packets

In practice, the need for distributed implementation irvar
ably leads to an overhead, as the same resources that could
have been used for data transmission have to, instead, be
wasted on control signals in an effort to combat interfeeenc
Most of the currently proposed scheduling algorithms, \whic
we survey and compare in Section I, do not explicitly take
overheads into account. As a result, it may be the case
(especially for large networks) that after using a large & an
unaccounted for — portion of resources for control signglli
the algorithms perform well with regards to the benchmark in

into the network based only on the queues at the sources of the the remaining portion used for data transmission.

flows.

Our class of distributed wireless scheduling algorithms ag the
first ones guaranteed to achieve any fixed fraction of the capity
region while using small and constant overheads that do not
scale with network size. The parameterk explicitly captures the
tradeoff between control overhead and throughput performance,
and provides a tuning knob protocol designers can use to haess
this trade-off in practice.

Index Terms—wireless networks, congestion control, schedul-
ing, distributed algorithms, primary interference, matchings,
multihop

I. INTRODUCTION

In our paper we carefully take overheads into account
a priori in the performance evaluation. For our algorithms
it is clear (i) how efficiently the overall wireless resources
are utilized, (ii) what is the tradeoff between scheduling
performance and control overhead, atid) how a system
designer can choose her operating point on this tradeoéfsé& h
three aspects are elaborated on below, after a brief désorip
of our results.

We are not the first to recognize the need for protocols
with constant overheads: some recent pieces of work [1]-
[3] also propose constant-overhead algorithms. Theirlt®su
and approaches are summarized and compared to ours in
Section Il. These existing constant-overhead algorithens ¢

HIS paper presents novel distributed algorithms for joirguarantee at most half of the capacity region (in the portion
congestion control, routing and scheduling of transmief resources dedicated to data transmission), and edgentia

sions in multihop wireless networks. The algorithms repnés involve doing enhanced contention resolution as a way to
the first instance in which any arbitrary fraction of the azipa approximate maximal matching in constant time. As opposed
region can be achieved with constant overhead. In addition, to these protocols, our algorithms can capture any desired
algorithms are very simple. We now motivate our work antiaction of the capacity region (in the data transmissiort)pa
summarize our contributions. and do not attempt enhanced contention resolution.

The task of wireless scheduling is challenging due to In this paper, we assume the “node exclusive” or “primary”
the simultaneous presence of two characteristics: intantee  interference model. In this model any node in the network can
between transmissions, and the need for practical diséibucommunicate with at most one other node at any time. This
implementation. Interference effects result in a fundatmlenis an important model with a rich history of dedicated work,
upper limit on the data rates that any scheduling algorithwhich we survey in Section I1.

— distributed or otherwise — can hope to achieve. This funda-In our algorithms bandwidth is assumed to be fixed and
mental limit, or capacity region, serves as a benchmark‘]agaitime is divided into scheduling cycles, with a new schedule
which the performance of various distributed schedulimgal generated by the algorithm in every cycle. As in other papers
rithms can be compared. in this area, the length of a cycle is left to the protocol gest.

Our algorithms partition each cycle into two parts: a schedu
ing (control signalling) part and a service (data-transinis)
part. Figure 1 depicts this partition. The partitioning bet
scheduling cycle thus explicitly captures the wastage mtrod
signalling: the fraction of resources wasted is the ratithef
length of the control part to the length of the overall cycle.

At the heart of our algorithm is a scheduler that generates
a new schedule based on the queue lengths. For a parameter
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‘1 2 a2 ‘1 ) ke ‘ we will mainly concentrate on the work involving primary

] ] interference constraints, also known as the “node-exalsi

‘ ‘ ‘ model in wireless networks. Primary interference constsai
Scheduling Te—1 Scheduling e arise both in wireless networks and input-queued crossbar

[ [ switches in Internet routers, and the results of the pajstesl|

et " below are often of interest in both applications. In theda#

Fig. 1. Each scheduling cycle is divided into a control pard a data part. INg, “complexity” refers to the number of operations/ambun

The control part consists afk + 2 phases — each phase being the length abf time that has to be spent every time a new schedule has to
a round-trip between neighbors — after which a newrsef active links will be found

be decided. This new set is active for the data part of theecyithe whole . . . . .
process is repeated in the next cycle with updated queussunts the cycle Hajek and Sasaki [4] introduced the primary interference

number. model, which they studied in the wireless context and for
fixed given arrivals. Tassiulas and Ephremides [5] were the

valuek, the scheduler requires that the length of the scheduli}c{rﬁst 1o consm_ler stpchast_m arrivals n genera_l interfeeen
o L dels, of which primary interference is a special caseyThe
part be4k + 2 round-trip times, where oneund-trip time is

: . characterized the maximum attainable capacity region, and
the amount of time required for a node to make a very basi . . k

: . . " also presented a centralized algorithm guaranteed toachie
two-way handshake with a neighboring node. Also, in a

T the case of primary interference, this algorithm boilsvdo

scheduling cycle and for any, the algorithm requires thattO finding maximum weight matchings (with queue lengths
each node transmit at most three control signals, and tiee $Zing wei hts). This algorithm thus h&¥{n?) complexit
of each control signal is independent of network size. g ghts). g plextty.

. . . .. McKeown et. al. [6] also showed the same result for switches.
The congestion control and routing algorithms are built on . .
) . .. The need for speedy implementation and low overhead
top of this scheduler, and control the number and identi . . .
- ) - spurred the development of algorithms with lower complexit
of the packets injected into the network. The congesti . . . : .
controller for a multihop flow operates only based on the guel ut possibly higher delays). Tassiulas [7] studied rarideth
b b y fueentralized algorithms that achieve the capacity regioth wi

length at the source of the flow. . . . .
. . : . : O(n) complexity. This algorithm samples a new candidate
This algorithm with parameték is guaranteed to achieve a ) . . .
i X ) ) ) matching uniformly from the set of all matchings, and switsh
fraction ( =5 ) of the capacity regionluring the data part of

E+2 schedules to this new sample if and only if it represents a
the cycle, for any network and its associated flows. A larggjrger weight. For the case of switches, this algorithm was
value ofk requires a longer absolute length of the control pai§e-randomized by Giaccone et. al. [8].
and in return guarantees better performance in the data pariyeg|ier and Hajek [9] showed that any algorithm that uses
as explicitly detailed above. Thus captures the overhead-3 maximal matching in every time slot can achieve half the
performance tradeoff, and is a tunable knob that the pr‘bto%pacity region. They showed this result for determindgiyc
designer can use to optimize performance, with respect jgper-constrained traffic. Dai and Prabhakar [10] showed th
other system considerations. same performance holds for stochastic packet arrivals #s we

One such consideration that has a direct bearing on the @py and Shroff [11] extended this result to the case of flow
propriate choice ok is the length of the scheduling cycle. Thisyrrivals and departures. For tree topologies, Sarkar and Ka
is usually determined by the physical conditions (e.g. H9bi [12] presented a sequential maximal scheduling algorithm
data rates etc.) that the network is expected to operaterunggich achieve2/3 the capacity region.

If long cycles are determined to be feasible — where “long” Recently, distributed algorithms achieving the entire ca-
is as compared to th_e round-trip time — it may make senseﬁgcity region have been proposed, see e.g. [13]-[16]. This
choose a protocol with largér. Conversely, short schedulinggarantee of course refers to the scheduling efficiency with
cycles may favor a smak-implementation. The choice of jegards to data transmission, since there papers do natrstcco
the parametet: may depend on network characteristics lik¢yr resources used in overheads. Also, these protocols have
mobility and arrival statistics; howevet, does not depend on gy erheads that grow with network size.

network size. All of the above algorithms involve complexities that grow

The paper is organized as follows. In Section Il we SUV&jjith network size. In some more recent work scheduling
some of the existing literature most relevant to our pap&, a5gorithms with constant overheads have been proposed. Lin
compare our results. Section Il lays out the formal systeghg Rasool [1] showed that close to 1/3 of the capacity region
model for scheduling in the presence of primary interfeeenccan pe achieved with (1), i.e. constant, overhead. Gupta et.al.
Section IV presents the joint congestion control, routing @1[2] and Joo and Shroff [3] build on this result to achieve
scheduling algorithm, and states the main results of thempag,gse to 1/2 the capacity region with constant overheads.
Section V describes the scheduling algorithm that forms thege algorithms attempt to generate (approximately) maixi
core of our protocol, along with examples, illustrationslanmatchings in every time slot using local contention aldoris
discussion. Section VI contains the proof of the main resulthat terminate irO(1) time. Our approach in this paper is thus

different from these papers, as we do not attempt to resolve

1. BACKGROUND AND EXISTING WORK contention.

Scheduling in the presence of interference constraints is aFurthermore, some recent developments have pushed in
central problem in communication networks. In this summarthe directions of multi-hop traffic, e.g. [17], or more gealer




interference constraints, e.g. [18]-[20]. Cl) Forallde D,ne N, andn # d,

d d
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We now formally describe our system model, which is
by now standard in the literature. A wireless network iSCZ) {Zﬂd } € co(M)
deD (n,m)eL

represented by a graph, = (N, £), where N is the set of
whereco(M) denotes the convex-hull of the sat. Notice

nodes and_ is the set of links. If a linkn, m) is in £, then it
that condition (Q) is the flow conservation constraint at each

is possible to transmit packets from nodéo nodem subject
to the interference constraints which will be described#yio node, and condition (€) captures the interference constraints.

We assume that time is slotted, denotedtbiet ¢,,,,, be the
fixed capacity of link(n,m) € £, which is the number of
packets per time-slot that can be transferred over that link
Also, let I, denote the maximum number of links in any Given the above model, a natural goal is to find the optimal
path or cycle in the network. SincgV| and || are finite, Nnetwork resource allocation, i.e., to find the mean flow rate
lmas 1S @ finite integer. vectorx* satisfying:

We let 7 be the set of flows that share the network *
resources. For each flowf € F, let b(f) and e(f) de- € argmaxz Uslay) @
note the source and destination @f respectively. Let us
define D as the set of destination nodes in the network, i.e.,
D ={d e N :d = e(f) for somef € F}. For each The strict concavity assumption of the utility functiongiies
pair (n,d) whered € D, n € N, andn # d, let F(n,d) thatx* is unique. Now, let us describe an appropriate sub-
be the set of flows with source and destinationd, i.e., optimal solution to the optimization problem (1). Speciliiga

IV. ALGORITHMS AND RESULTS

feF
s.t. x€A.

F(n,d)={f € F:b(f) =n,e(f) =d}. for any 3 € (0,1}, we define the sefA as follows:
At each node, a queue is maintained for each destinfation A 1
We let ¢Z[t] denote the length of the queue maintained at BA = {x: Cha A}.

noden and storing packets that are destined to ndds the

beginning of time slot. The setBA can be viewed as the resulting set of flow rates

We assume that each flow has a utility function associatéien one takes only a “fragtion[i’*of the capacity region.
with it. The utility function of flow f, denoted byU;(-), is 'hen the 5-sub-optimal solution x*(f) is defined as the
defined as a function of the data rate sent by flfwand optimal solution to the following optimization problem:

assumed to be strictly concave, non-decreasing, and twice x*(3) € argmaxz Ups(zy) )
differentiable. fer
We now describe thenode-exclusive spectrum sharing st xc ﬁA.'

model, also referred to as therimary interference model,

assumed in this paper. Under this interference model, anyin this paper, we propose a joint congestion control, r@jtin
node only communicates with at most one other node in affd scheduling mechanism that achieves fhgsub-optimal
time slot. This means the set of simultaneously active lisks solutionx*(3), for any given0 < 8 < 1 (see Theorem 2).
constrained to be anatching in G. We let[t] be the binary Crucially, it does so while ensuring théte time/overhead
vector of length|£| that denotes the set of active links ataken to generate a new schedule for each slot is constant,
time ¢, with the convention thatr,,,[t] = 1 if and only if independent of the size of the network but dependent on
link (n,m) is active for transmission at time We introduce /3. Specifically, the overhead of the algorithm @(125),
the notationt?,, [] to distinguish packets destined to differentndependent of the sizgV| of the network.

destinations: at time slat 72, [t] = 1 if link (n,m) serves ~ We now present our main algorithms and results.
packets destined to node and~¢,, [t] = 0 otherwise. Hence,

T[] = > 7 [t]. A. Routing and Scheduling

oD At time slot¢, we define thex-differential backlog ford at
_link (n,m) as
Let M = {x!, 7% --- 7™} be the set of all possible . .
matching vectorsr in G. The capacity (or stability) region wl [t = cum ((qi[t]) — (¢4 [1) ) :

A of the network is defined as the set of flow rates that are ) L . .
supportable by the network. It is known (in [5], [21]) thatsh Wh_erea is the sys_tem parar_neter_whlch is positive. The weight
region A is given by the set of vectors = {xs},_, for of link (n,m) at time slott is defined as

which there existg:¢,, > 0, for all (n,m) € £ andd € D, Wpm[t] =  max  w?, [t]. (3)

SUCh tha.t. d:Qg[t]chrn

N _ _ Note that by lettingn = 1, we get back to the differential
Our results can be easily adapted to the case when each flow fireed backl ight which i I d in the li
route in the network. In that case, each node maintains aegieeleach flow ac 09 weight which Is usua .y usedin t e Iiterature. HEnC.
going through it the weight form that we consider here is more general. It is



motivated by the recent work of Shah and Wischik [22] iinstantaneous mean data ratg$t] of flow f is set as follows:
the context of switches showing that if we use Maximum-

Weight Matching (MWM) algorithm with weights being in a ] - (qi((}‘)’ [t])
similar “a-form,” then the delay performance will be improved zf[t] = min Uy T , M

as« decreases to zero.

Let wit] = {wnmt]}, e b€ the vector of link weights, \here A7, which is chosen to be large enough, represents the
andr[t—1] be the old matching, used in the previous time slofargest possible value of the flow rates. The positive carsta
Also, let7*(w(t]) denote the optimal matching corresponding, il be used to guarantee convergence of the achieved rates
to the weight vectow([t], i.e., to the fair allocation. In particular, we are interested fe t

wlt] - 7 (w[t]) = max wlt] - 7. performance of the system for larde
TeEM Each source has to convert the instantaneous mean data rate

It is well-known that if the matchingr*(wl]) is used at determin_ed by t_he congestion controller into a packet tf@gc
each step, then the resulting network throughput is optim&te: While the instantaneous rate could be a non-negaate r
However, computingr*(w(t]) is computationally prohibitive number, the numbgr o_f packets |_njected into the netvvprk has
(the complexity in worst-case 9(|\'|?) [23] and it requires to be a non?nega'uve mteggr which could be determined by
a centralized authority). Thus, in Section V, we present &¢M€ complicated mechanism that converts rates to packets.
algorithm that approximates the maximum weight matchihg 'nstead of modeling this conversion, at each time sjahe
with a certain probability, has low overhead, low complgxit "Umber of arrivals for flowf is assumed to be a Poisson
and can be implemented in distributed manner. The algoritfg@dom variable with mean;. The Poisson assumption is not
is parameterized by a parameterthat provides a trade-off |mportar_1t; any dlstr_lbunon with f|n|t¢ variance yvould waak
between performance and overhead. well. ThIS assumptl_on can be_easny relgxed in a number of

Let 7[t] be the matching determined by our algorithm. Whefy@ys without affecting our main conclusions.
the matchingr[t] is determined, if link(n, m) is scheduled
(i.e., mum[t] = 1), then in next time slotg,,, packets of C. Fair Resource Allocation
the commodityd that attains the maximum in (3) will be
transmitted over link(n, m). The main result of the paper
is the following theorem which establishes the properties

our schedull.ng algor|thm. Theorem 2: For any given0 < 8 < 1, if the joint con-
Theorem 1. In any time slot¢ and for any values of . . . . .
) .~ gestion control, routing, and scheduling algorithm ddosmti
(wlt], [t — 1]), there exists & > 0 such that the matching . : 23
. . . : . > above is used with parametér > =2, then the queues
augmentation scheduling algorithm, operating using a fixe ; 1-5 .
4 : . . In the network are stable (i.e., the Markov chain of queue
k > 1, generates a matchingt] with the following properties: o . :
} i ) occupancies is positive recurrent), and the source ratis§ysa
« The weight of new matching(t] is larger than or equal

Theorem 1 naturally allow us to establish the following
Broperty of the joint congestion control, routing and salid)
algorithm.

to the weight of old matching|t — 1], i.e., Z Up(zf) > Z Up(z4(5)) — G
. - L’
wlt] - w[t] > w[t] - 7|t — 1]. (4) fer fer
T-1
o If k> [lmez=17 then with probability at least, «[¢] is _ .1 o
= ' ’ h = lim — Elx,[t d L finit
an optimal weight matching corresponding to the weigr\{\tl ere Toeo T ; [=s[#]], and €, are finte

vectorw(t], i.e., constants. Also, ift > PWITI”] then the above expression
* also holds forg = 1.
t] - w[t] = wit] - t]).
wit] - lf] = wit] - 7 (wl]) Proof: Theorem 2 is a consequence of Theorem 1 and
o If k < [IMTI*W then with probability at least, =[t] can be established along the lines of the proofs in [24]-[27]
has weight at Iea% fraction of the optimal weight: The reader is also referred to the related work in [28]. For

details, see Appendix A. ]
wit] - lt] > = wl] -« (wlt).
) o V. THE MATCHING AUGMENTATION SCHEDULING
« The overhead in deriving a new scheduléis+ 2 round ALGORITHM
trip times?

In this section we present our algorithm for determining the
new scheduler[t] from (g, w[t—1]). To do so, we will need a
few simple definitions. In the following we will abuse notati
B. Congestion Control by letting = denote the matching as well as the associated

At the beginning of time slot, each flow, sayf, has access Pinary vector of lengthZ|: m,,,, = 1 if and only if link (n, m)

to the queue length of their first nodes, i.g][t]. Then, the is in the matchingr. _ _ _
Recall that inm no two adjacent links can be active. An

20neround trip time is the amount of time it takes for a pair of neighborsal'lgmentatiC'n A (?f a_m?tChin_gﬂ' is a path or Cyde. in W_hiCh
in the network to execute a basic two-way handshake. every alternate link is inr, with the property that if all links

We will prove this theorem in Section VI.



in AN7 are removed fromr and all links inA\ 7 are added

to 7, then the resulting set of links will remain a matching in
G. This process of changing using A is calledaugmenting

m with A, and the resulting augmented matching is denoted
by 7 @& A. The process is illustrated in the example below.

[t —1] A mltl=nt—-1 @ A

The bold lines in the left-most figure indicate links7ft —
1], the existing matching. The dotted lines in the central ggur
indicate the links in augmentatiof. The bold-dotted lines are
in Anz[t—1], and the thin-dotted lines are i\ 7t —1]. The
bold lines in the last figure are the linksitit] = 7 [t — 1] A,
the new matching obtained by augmenting — 1] with A.

The size |A| of augmentationd is the number of links in
A. Two augmentationsd; and A, are digoint if the have
no common links. This |mp||es_thart can b_e SImUItqneogSIy Fig. 2. Augmentation building in our algorithm (Example The [l indicates
augmented byl; and A, and still be a valid matching4 is  aciive nodes. Dashed lines are links aredinBold lines in the first 5 graphs
a set of digoint augmentations if every pair in A is disjoint. are links inz[t — 1], and in the last graph are links in[t — 1] ® A. O
Clearly, if A is a set of disjoint augmentations thend 4  indicates terminus.
will be a matching inG.* Finally, for any timet, the gain of
an augmentatio to 7t — 1] is defined as

1) if the node has a link inr[t — 1] that is not already in
gaing(A) == Z Wom[t] — Z W [t] A, it e_ldds that link toA. _
(nm)e AN [t—1] (n.m)eAnmlt—1] 2) else, it adds a random new link .
(5) Every time a link is added, for the next phase the currently

Hence, gain.(A) represents the change in the weight odctive node becomes inactive, and the other endpoint of the
w[t — 1] if it is augmented byA. Similarly, the gain of a new link becomes active instead.
set A of disjoint augmentations is the sum of the gains eachAs seen in the first figure, nodeis the only seed and is
augmentation in that set. Here the weights are as defined imagtive in phase 1. It adds linka, b) to its (currently empty)

Our algorithm, with paramter valuk, can be summarized augmentation in phase 1, sin¢e b) € =[t — 1] and it is not
as follows: build a random set of digjoint augmentations to  currently ina’s augmentation. For phase &,is inactive and
w[t — 1], each of size at most 2k + 1, and switch the oneswith b is active.
positive gain®. Node b can choose to add any one of the linksc) or

In our algorithm, augmentations are built in a randorfb, f). Say it choosesb, ¢). So, for phase 3, nodeis active
distributed fashion. We now present a simplified exampbndb is inactive.
to aid in the visualization of how our algorithm makes one Node ¢ adds the link(c,d), because it is a new link in

augmentation. m[t—1]. Then, in phase 4] becomes activel picks randomly
Example 1: Augmentation Building in the Absence of from links (d,¢e) and(d, h). Say it picks(d, ¢).
Contention Nodee would have become active as a result, but it has no

Consider Figure 2, which depicts our algorithm operatinigirther links to add to the augmentation. So it instead bexom
in phases on a simple graph. The bold links in the top lefhe terminus of the augmentation.
graph of Figure 2 are the links af[t — 1]. The net weight is communicated forward in each hop.
In our algorithm, an augmentation begins aeed and ends Terminuse then evaluates the gain
at aterminus. This seed isactive in phase 1. When a node is
active, it tries to elongate its augmentatidrby adding links

as follows: using the link weight information that has been passed on
SHere A\« denotes the set of links irl but not inr. alonga, b, c, d’.e _durlng thg building of the au_gmentauqn. In
47 @ A is = augmented by everyt € A. The fact that the augmentations OUr exam_p_le, 't_ finds thajain:(A) > 0 and decides to_ switch.
are disjoint means that this can be done in any order. This decision is then passed on back along the lifikgl),
5The idea of using fixed-length augmentations to obtain apprations (d c),(c b) and (b a) over the next 4 phases. Then, the links
to maximum-weight matching has been used previously (sge Rettie . ’ . ’ . .
in A are switched to obtain the final graph above, where bold

and Sanders [29]) in a different, pure graph-theoretic ednto find an "
approximation to maximum-weight matching with linear cdexgty. links are the ones in[t — 1] ¢ A. |

gaing(A) = wpet] + Waelt] — wap[t] — wealt]



The above example illustrates the simple basic idea underly
ing our algorithm, namelyi) randomly seed and grow disjoint
augmentations, an(i) switch all the augmentations that have 3)
positive gain.

The above example illustrated the augmentation building
procedure in an idealized network where it was the only
augmentation. In an actual wireless network however, aug-

Every node that becomes terminus is inactive in subse-
guent phases.
Termination: After 2k 4+ 1 phases, every terminus
checks the following three conditions

a) if it is adjacent to its seed,

b) if aug(w) began and ended with links it — 1],

¢) if aug(w) has not reached its intended size.

mentations are seeded at random. This means that there will
be multiple augmentations, which will have to contend for
access to links while ensuring that they remain consisient (
valid augmentations) and disjoint.

We now succinctly describe the algorithm that makés )
from (wlt],#[t — 1]). A more realistic, and more detailed,
example and a brief discussion follows the description.

In our algorithm each augmentation builds up in phases
starting from a seed and ending in a terminus. For any phase,
and nodev, let aug(v) denote the augmentation (if any) that
is a part of in that phase. Also, the term “new link” for a node _
v refers to any link(u, v) that is not already iniug(v). For Discussion
any activev except the seed, one of its links will be dmg(v) Note that in our algorithm there is a small but crucial
and all the others will be new. Similarly, a “new neighbort fodifference between links in[t — 1] and links outsider[t — 1]

v is any node that shares witha link that is new forv. with regards to the timing of link addition to an augmentatio
Specifically, a link inz[t — 1] is addedbefore a REQ is sent
(and irrespective of whether an ACK is received), while a
link outside [t — 1] is added only after a REQ is seand
and ACK is received. This difference in timing ensures that
augmentations are consistent, i.e. whenever adigkr[t — 1]

If all of above are true, linKw, v) is added toaug(w).
Also, in either case, every terminusy evaluates
gaini(aug(w)) and makes the decision of switching if
and only if gain,(aug(w)) > 0.

Back-propagation and Switching: Switching decision

is relayed back in phasé# + 2 to 4k + 2 from terminus

to seed, along the path of each augmentation. These
communications will be non-interfering. After phase
4k + 2, all nodes in augmentation implement decision.

Algorithm Description

1) Initialization: Before phase 1,
a) each node randomly decides to beseed with

b) ngr?gglg(/jpéhooses' ded size for its augmen- is added toA, all the links inz[t — 1] adjacent toe are also
tation, uniformly from the sef1, ..., k}. added tod.

It is easy to see that our algorithm will ensure disjointness
| o E 4s that h y of augmentations. Consider the addition of a litku) ¢
teration: Every seeds that has some link(s,r) € 7[t — 1] to aug(v) by an active node in some phase. This

mt —1] adds(s, 7) 10 aug(s) and sends a REQ to the iy oy happen if v sends a REQ ta: in that phase and
corresponding- in phase 1. Every other seed sends & responds with an ACK. Now, ifi is already a member of
REQ along a random link. In each phase from 2 t

h . de tri di 8n augmentation by that phase (including the case of it being
2]; ;:)Ill(;vfsa'lc active node tries to extend itssug(v) already a member afug(v) itself) thenw will not respond

. . with an ACK. Also, if any other augmentation tries to add

a) If aug(v) needs a new linkr[t — 1], and if one some other link(w,u) ¢ 7|t — 1] at the same phase, then

such link (v,u) € w[t — 1] exists, then(v,u) is  npejther augmentation will be successful. Thus no two adjace

added toaug(v). Also, v sends a REQ ta along  jinks outsider[t — 1] will be part of augmentations. Thus all

(v, u). If no such link existsy becomeserminus. 3, gmentations are consistent and disjoint. Note of cotnae t

b) If aug(v) needs a new link outside[t — 1], but  any |ink (2, u) that is in [t — 1] can be added to another

size(aug(v)) is already as intended; sends no 5ygmentation. This however does not hurt the disjointness.
REQ and becomes terminus. Otherwisesends

: ! We now illustrate how our algorithm works by means of a
REQ to a random, uniformly chosen, new neighbogjightly detailed example.

If no new neighbor exists becomes terminus. Example 2: lllustration of the Algorithm

Contention: The REQs above may face contentions. In Consider the network shown in Figure 3. The first graph
any phase if active sends REQ tav and shows the schedule[t — 1] of the previous time slot. The

a) any another active also sends REQ ta in that second graph shows the nodes active in phase 1, which are
phase, aollison occurs.w does not ACK, and> the seeds of the network. Assumde= 2 and also that the
becomes terminus. intended size chosen by every seed is also 2. Note that the
If w is a used node, i.e. it is already part of active nodes that have a link in[t — 1] incident on them
an augmentation, them does not ACK andv immediately include it in their augmentations, and alsodsen
becomes terminus. the REQ along that link. Other active nodes do not include
If w is unused and there is no collision, therany links in their augmentations, and send REQs at random.
w sends ACK tov. The link (v,w) is added to  Since all REQs went to different targets, there were no
aug(v). w will become active in the next phasecollisions and so there are four new nodes active in phase 2.
andv will become inactive. Again the newly active nodes that have a new linkrin— 1]

The seeds are thactive nodes in phase 1.
2)

b)

<)



a used node (its own seed in this case). Hence, it does not
receive an ACK, and becomes the terminus. The other active
node in phase 4 adds its link without problems. However, the
addition of another link to this augmentation would make it
exceed its intended size. Thus after the addition the neve nod
becomes terminus and does not further add links.

After the last phase 5, note that one of the augmentations
(the bottom one) satisfies the conditions in step 4 of the
algorithm, namely: it began and ended with linkstiin—1], its
seed and terminus are joined by a link notift — 1] and the
addition of this link does not violate the intended size. §hu
this link is added to get the final set of disjoint augmentaio
after phase 5= 2k + 1).

These augmentations are switched depending on their gains.
In our example, two of the four augmentations are switched
and the other two are not. The switching decisions are rdlaye
back in phases 6 to 10, after which the switching happens.
The final graph depicts the resultingt]. [

The example illustrates the fact that without possible #s¢ |
link addition in the “termination” part of the above algdwin,
we would not be able to build augmentations that are (small)
cycles.

Note that the information relayed on at each phase does not
grow with k& or the network size: indeed, all that is needed is
the net gain of the augmentation up until the current phase,
and the identity of the first node (so that the terminatiort par
of the algorithm can be implemented).

The probabilityp in the above algorithm is a parameter that
can be chosen by the system designep i$§ too high, there
will be too many seeds in the network which will result in
too much contention and not enough augmentationg. i
too small, there will not be enough seeds to ensure a good
enough set of augmentations.

V1. PROPERTIES OF THESCHEDULING ALGORITHM

In this section, we present the proof of Theorem 1. Recall
that wit] is the vector of link weights at time and =* (w|t])
is the optimal matching fow[t]. For Lemmas 1, 2 and 3 we
drop the indext, with the understanding that = w[t] and
T =t —1].

Lemma 1. Given any vectow of queue lengths and exist-
ing matchingr, there exists a sed* of disjoint augmentations
of = such that:

Fig. 3. The working of our algorithm in phases (Example 2)ldBlines Lo

in first seven graphs are links in[t — 1], in the last graph are links in  ® If k> [%11 then

w[t]. Dashed lines are links in augmentatiohsdenotes active nodes aid

denotes terminus nodes. Arrows depict the REQ signals ih phase. (reA")-w = 75(w)-w

o If k< [tmaz=1] then

incident on them immediately add it to their augmentatiod an
send REQs along them. Other newly active nodes send REQs (T A*) - w > (
at random.
We see that two of the REQs sent in phase 2 will collidand every augmentation iA € A* hassize(A4) < k.
This means that the corresponding transmitters of thedemlli Lemma 1 says there exists a “good set* of augmen-
REQs will become terminus of their augmentations, whiciations where each augmentation is not too large, and that
then stop growing. The other two augmentations continagigmentingr using the set represents a certain amount of
growing. gain. We build up towards the proof of Lemma 1 by designing
In phase 4, the active node at the bottom sends REQ aacandidate sed* having augmentations of size at mdst

k

k—+2) (W) - w
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We will then prove the gain it represents is as claimed by . "
Lemma 1.

The symmetric difference S := 7 A 7*(w) of matchings — —
7 and 7*(w) is the set of links that are in exactly one of 2 10
or 7*(w). Links that are in both or in neither are excluded s
from S. Consider the grapt&z’ := (V,.S) containing only 3 0
the links in S. Since eachr is a matching, a vertex i’ —e
has degree at most 2 and each connected componefit of 4 8
is either an alternating path or even-length cycle. Alsa@hea —o —o
component is an augmentationzfso we can define the size 5 7
of a component in the same way as we defined the size of an o ' o o o o °

augmentation ofr.

For any component of S, let C; := C N «* (w) denote Fig. 4. The path on the left is a path componéhof S, with non-bold links

. . - ’ . L denotingCi1 = C Nn7*(w) and bold ones foCo = C N 7. Links in Cq

the I|_nks QfC’ in the optimal m_atChmg ands := C'N~ be are numbered, andl = 2. C'is cut up starting at link number 2, going anti-
the links in the current matching. Note th@y and Cy are clockwise, to obtain the setl on the right. Note thatd, contains disjoint
also matchings irG' and the termg’; - w andC, - w are as augmentations of size at most= 2.
defined before for matchings. Also note thate(C) = |C4].

We build the set4* from S by finding a suitable setl ]
in each componert' of S. The following two lemmas ensure Setting.Ac = A; proves the lemma. u
this can be done. Lemma 2 shows the existence of a good set of disjoint

Lemma 2: If any componenC of S is a path (i.e., not a augmentations in path componentsfWe now use this to

cycle) then there exists a sgt- of disjoint augmentations Prove a slightly weaker result for cycle componentsSof

such that Lemma 3: If componentC of S is a cycle, then there exists
1) EveryA € Ac is contained inC, and hassize(A) < k. @ setAq of disjoint augmentations such that
2) If k> [tmez=1] then 1) Every A € Ac is contained inC, and hassize(A4) <
. 2k + 1.
gain(Ag) =C1 - w — Cy - w. 2) If k > Pma;_l]’ then

3) If k < [lmez=1] then
) [P gain(Ac) =C1-w—Cy - w.

, k
gain(Ac) 2 == C1-w —Ca - w 3) If k < [tmez=1], then
Proof: . k
If C'is small, WIthSZZE(C) <2k +1, then |et.AC = {C} galn(AC) > k_—i- 201 W — 02 - W

be the set containing only. This obviously satisfies all of the
above conditions, sincguin(C) = Cy -w — Cy - w. Specially, Note that the ratio is,cf_—2 instead ofk—f_1 as it was for paths.
if &> [lmez=L] thensize(C) < k for every pathC' of S. Proof:

Now consider a pati’ with size(C) > 2k + 2. Starting  If size(C) < 2k + 1, set Ac = {C} and we are done.
from any endpoint of the path, number all links @ . Let Specially, if k > [L=ez=1] thensize(C) < k for every path
e1, e, ... bethe links inC;. For the first fewe;, 1 <i < k+1, C of S.
build a setA; of disjoint augmentations by deleting every Now consider cycle€ in S with size(C') > 2k + 2. Let
(k+1)" link in C; starting withe;: i.e., link e,,, is deleted if e € C; be the link with the smallest weigtw, [t] < we[t]
and only ifm —i = 0 or m — is divisible byk+ 1. Figure 4 for all ¢’ € C;. Consider pattC = C' — ¢, and defineC) :=
shows this process for a simple example. After the deleftiors N 7*(w) and andC> := C N 7[t] as before. Obviously,
each remaining fragment @f will be an augmentation of, C3 = Cs. Also, sincee was chosen to be the link i@¥; with
and will have size at mostk + 1. These fragments togethersmallest weight andiC| = &;C) >k+1,
make the sef4; of disjoint augmentations.

Consider now the setd;, ..., A1, made from the links C,-w > |C1] LW > ECl —
e1,...,er+1 above, respectively. It is clear that each link in [Chf +1 k+2
C> will be a member of alk + 1 of these sets, and each linka|so, by Lemma 2, there exists a sdt; of disjoint augmen-
in Cy v_wII be a memb_er ofc of t_he sets. R_ecall from (5_) thatiations of size at mostk +1in € such that
the gain of any se#d is the weight of all its links outside

minus the weight of all its links inr. Thus, gain(Az) > kL—klal R
k+1
. k k+1
ain(A;) = kC1-w—(k+1)Cy-w > " (Xl —C, -
;g (Ai) 1 ( )C2 > k+1<k+2lw> W
which means that there exists at least gnguch that - k C,-w—Cy-w

k+2
. k
gain(4;) 2 =701 w—Cpw SettingAc = Az proves the lemma. n



We are now ready to build the sgt*: for each component Clearly,
C of S add to.A* the augmentations in the corresponditg
— whereA¢ is as specified by Lemmas 2 and 3 for paths and PlA= Awlt],n[t —1]] > P[E|w(t],x[t — 1]
cycles respectively. We are now ready to prove Lemma 1. We now lower bound the right hand side. The probability
Proof of Lemma 1: . that the nodes turn active or remain inactive as specified by
Let A4* .be as constructed above. Itg ga_ln_W|II be the SUMA g p'(1 — p)"~L. Further, the probability that the intended
of the gains of e?ch E’I thelc’s of which it is composed. ongihs are exactly as chosenlis’, since they are chosen
Therefore, ifk: < [t2=2] then we have: uniformly from 1, ..., k. Finally, we need each of the random
. X . link-addition choices (step 2 of the algorithm) of each o th
gain(A7) = Zgazn(Ac) above! augmentations to exactly parallel the corresponding
“ ones inA*. There are a total of at most such choices to be

> k Z CL-w | — Z C,-w made, and the probability of each being the correct one is at
T okr2\ 45 % least+, whereA is the maximum degree of the graph. Thus
k . ) the probability of correct link choices is at lea&t ™.
T k+2 {7 (w) - w — (7" (w) N 7) - w} Putting everything together, we have that
. —{r-w—(7"(w)Nm) w} PlElw[t], 7t —1]] > p(1—p)"kla"
> M . _ . n _ n
- k+27r (w)-w—m-w > mins 1, p 1-p
1-p kA
wheren*(w) N 7 is the matching consisting of links that are ] ) } o .
in both 7*(w) and . The right hand side of the last inequality is now independént
Similarly, if k > [zmafq then (wlt], =[t — 1]), providing us with the required uniform lower
o . ? X bound. Settingy = min{l, (l%p) } (22)" completes the
gain(A") = 7' (w)-w—m-w proof of the theorem. [

The lemma’s proof follows from the fact that
VIl. CONCLUSIONS
gain(A" ) =(r@ A") - w—m-w
This paper presents a novel class of simple distributed
by definition. B wireless scheduling algorithms. Our algorithms can achiev
Now that we have shown the existence of a suitable4set any fraction of the capacity region for data transmissiomd a
all we need to do to prove Theorem 1 is to uniformly lowerequire constant overheads that do not scale with netwaek si
bound the probability of the algorithm generatisg. Our results are also interesting from a practical standypbi
Proof of Theorem 1: due to simple structure of our algorithms, and our explicit
Recall that in our algorithm a disjoint set of augmentatioreccounting of the tradeoff between overhead and scheduling
A is created and the ones with positive gain are switched gerformance.
obtainr[t] from x|t — 1]. Thus, The objective of this paper is to design simple algorithms
with appealing properties, not to announce a complete wire-

t]-wlt] 2 (n[t =1 © A) - wlt] less protocol ready for implementation. In particular,efar

So, it suffices to lower bound studies need to be done to arrive at the valuekothat
would give the best performance in practice. This will likel
P[A = A*|w[t], n[t — 1]] depend on the maximum length a scheduling cycle can have,

given mobility and other aspects of the network that have
. - been abstracted away in our model. An interesting avenue for
depend on graph structure aid Note of course thar” is possible algorithmic investigation is to see how our idedepa

not mdependent O'tw_[t]’ mft —1]). ) to designs for more general interference constraints.
We will now provide a very naive lower bound to the

above probability. Let = |A*| be the number of disjoint

by a quantity that is independent & [t], 7[t — 1]) but can

augmentations in4*. Choose one node in each of these APPENDIXA
augmentations as follows: if the augmentation is a pathpsto PERFORMANCEANALYSIS
one of its endpoints, and if it is a cycle choose any node. Let|n this appendix, we prove Theorem 2. The proof is along
& be the event thaall of the following are true: the lines of [27]. The main difference being that the general
« the algorithm generated = A*, ization of the back-pressure algorithm requires additiomak
« the only seeds active in phase 1 are the nodes chosercomplete the proof.
above, and Note that the packets travel hop-by-hop, i.e., packetsearri

« each augmentation’s intended length (chosen at its se&l)the next queue after departing from the previous queue.
is equal to the actual length of that augmentation iHence, we assume the following convention for the dynamics
A* (i.e., no augmentation is a result of a cutoff due tof the queues: at any time slatbased on the schedutd: —
contention). 1], the departures from queues happen at the beginning of



time slot, then the arrivals at the end of time slot. Thus, thehereg[t] is real number satifying thaft] < g[t] <
evolution of queue lengths is governed by the following suleif

qult + 1]

+

(qz [t] - Z Crm T [t — 1])
m:(n,m)eL

+ Z Z an[ - ] (6)

fEF(n,d) k:(kn)eL

wherea/[t] is the number of flowf’s arrivals in time slott,
andv

d, which are actually sent over linfe, m). Notice that

[t —1] < cpmrl

(alt],

mlt —1]-

We have thaty|[t ] w[t — 1]) defines an irreducible

and aperiodic Markov chain. Then, let us consider the followyhere ¢

ing Lyapunov function:
2

e 2 2 @) [(w (87 (w) - )
deDneN
Vi(y) e

ml[t—l] is the number of packets, destined to destination

10

q[t]+zlt]
x[t] > 0, or qt] + «[t] < q[t] < q[t] if z[t] < 0. Hence,
(q[t] = amaz) T < G[t] < q[t] + amaz Wherea,, . is the upper-
bound ofalt] for all t. Also, let y,,.. be the upper-bound of
wlt] for all ¢.

Case 1: q[t] > tmaz- Thenult] = 0 andz[t] = aft] — u[t].
— [l + 1) — (ale)**]
GO
< (gl)" (1 + H) (alt] — ult)
— (el (1 22 ] - ),
is a real number such that < ¢ < 1+ “;mz <

1+ Z"ﬂ Hence, ¢! < Inax{l (1 + %maz

Hmax

then

1

o Ll + 1) — (glth ']

The outline of the proof of Theorem 2 is as follows: we first

show that thisV (y) has(a) bounded drift wheny belongs
to a compact region containing the origin, and af{bp has
drift strictly smaller (i.e. more negative) than a fixed niaga

number whenevey is outside this compact region. By theyherem, = aa?,

Foster-Lyapunov criterion, this implies that the Markowath

large as specified in the statement of the theorem.

We first state two lemmas, and then prove them. The proof

of the Theorem 2 follows thereafter.

Lemma 4: There exist positive constanisandc; such that
Ai(ylt]) = EMly [t+ 1]) Vi(ylt ])Iy[ ]]
< DT + VVa(ylt) + Cz
+LZfof —LZUf:Z?f

feF fer
Lemma 5: There exist constants's and C; such that

JAN

Ao(ylt]) = EflValy [t+1]) Va(y [])|Y[ 1]
< =6Va(y[t]) + Cs/ Va(ylt]) + Ca.

whereé is defined in Section IV-A.
Proof of Lemma 4:
First, consider any queugwith the following updating rule:

glt+1 = (qlt] — plth™ +alt]
= q[t] —pt] + alt] + ult],
[t
whereu[t] = —q[t]+u[t] if ¢[t] < w[t], andu[t] = 0 otherwise.
We would like to get the bound df[t+1])*+* — (¢[t])*+
as follows.
(gft + 1)) = (gt = (qlt] +2[t])*F = (gt

(o + 1) (q[t)" =[t]

(q[t)™
qlt]

)

qlt] + amaz < Pmaz + Gmag-

(q[t)* (alt] = plt]) +m1

Hmax

0y INAX {1 (1 + 8maz

y[t] is stable, and hence the queues are also stable. Afe@e 20 qlt] < ftmaz- Note that:

establishing this, we show that the average flow rates are as

z[t] <

< alt] < amazs
qt] <

0 <

Therefore,

[(glt + 1)) = (glth "]

(q[t])*«t]

Amazx (ama;ﬂ + :u'maiﬂ)
Umazx (amam + ,U*mam)a + /J'(rln-’z;i
+ (qlt)*(alt] — pt)-

Combining both cases, we have the following bound:

[e3

[VANVAN

1 « (0%
g [(alt 1) = (gle)* ]
< (qth*(alt] = plt])
t «
Lo (q[t]) i @
qlt
WheremQ = Qmazx (amam + ,umam)a + :u?(ngrzi
Now, to simplify the notation, let us define:
A A
Trzdn(n) = Z Cknﬂ-;cin ’ 7Tgut(n) = Z Cnmﬂ-Zm
k:(kn)eLl m:(n,m)eL
Since E[a}[t]], 7, [t], and =2, [t] are all upper-

bounded, we apply (7) for the quee?!) with updating rule
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. ) |M]
in (6) to get:
©®tog . {E Him}—g ;T Z‘llaz<1,o¢i20,w.

deD i=1
Z Z (galth)™ Z z[t] Therefore, we have:
deD neN fEF(n,d) Z Z (
d d (11) + (12) = _ﬁ q'n, Ot out(n) (W[t])
+ ﬂ-zn(n)[ 1] - 7Tout(n) [t - 1]:| deD neN
*d d d
+ Z Z {qn[t]>#maz} TMin(n) (W[t]) - Mout( ) + /’Lin(n))
deD neN = -8 d )
~ Hnm
+ |D||N|ma. (8) deZD(anGE
Manipulating (8) by adding and subtracting terms, we have X Crm ((qg[t])a — (Qil[t])o‘)
that: M|
Ayl < D (gD eslt) = LY Uplaglt 9) < B (1 - Zm) > mm(wli])
ferx fer (n,m)eL
=Y @ ) (B) + LY Up(a3(8)) (10) X Cnm max (g [t)” = (gu[t)*)
d er here the last i lity is b e(wlt]) is th timal
dimva o[ xd where the last inequality is becaus&(wlt]) is the optimal
+ Z Z (@[5 [”in(n) (w(t]) matching givenq[t]. Following the similar steps as in [5, p.
deDneN 1947], we can get:
wz:ff ny (WIH)) (11)
m o) o (Wl max ((g2[)° — (a5 [1)°)
+ Z ) (12) (n,m)eL
fer _o
1 Vi (y[t])} R
> 1 -
£ [ T alt = 1] S ool (LR vy T
deD neN . .
4 Thus, there exists a positive constarguch that
it = 1] (13) I
Vl y t a+1
< — .
3 S ) [ (I (11)+ (12) < D [+ )T |
deD neN
. F|naII , hotice that we can rewrite the expressiod)+ (14
7Tovlfif(n)( [t]):| (14) y P S( ) ( )
+L Ug(xelt]) — Us(xF
]”EZ]:( f( f[ ]) f( j(ﬁ))) Z Z qn [ 1n(n [t - 1] out(n) [t - 1]:|
] deD neN
2.2 m s Ttz D IPIAL [ iy (WIE) —w;:fm)(w[t])]
deD neN deD neN
+| D[N |ms. = > > I —md [t —1]]
Wherewl*j(n)( w(t]) andm*?, n)( w(t]) are defined similarly to deD (n,m)eL
"E and ¢ o respectively. < [(ghlt)®™ — (g [t])*]
irst, by the ongestion Control algorithm (Section 1V-B), * _ _
we have that: < ( Z)GL (B (W[E]) — T [t — 1]) Wy [t]
L Uplaglt) = > (a5 1) g [t] < Vo).
fer fer o .
> I Z Uy (25(8)) — Z(qz((z{))[ Dez(3), Combining these results together yields:
ferF feF Vi (y[t]) ot
and hence(s) + (10) < 0 M) < —doiwi |+ ]
Next, note thak*(3) is within the region3A. By definition .
L (zf[t]) — L »
of the capacity region, there exists a vect{qxim}?eD)eﬁ N Z Uslaslt) Z Ul (8)
n,m feF f€-7'-
such that
o Foralld e D, ne N, andn # d, + Z Z =T (> pmas} (19)
deD neN
x*ﬁzﬁgun_ﬁgnn7
fGFZ(;Ld) 70) = Bitouttor = Pty +\/V27+|D||N|m2.

Whereu n) and Mout (n) @re defined similarly tOTm(n Now, fix a constang such thatd < € < e. It is easy to see
andn? . respectively; that if ¢ > B; := max {umaz, %}, then 271> 10,001 <

=

out(n)’



€ — €. Therefore, we have:

(=82 > (alf])

deD neN
Also, note that the Jensen’s inequality yields:

> D (al
r%l
a+1

| DIV By

Mmaw

(15 < I{qn [t]>B1} +

IDIINI

deD neN
> (alt

deD neN

Vityit)]

<
: [|D||N|

B {1+a
|D|IN

—
a+1

Therefore,

—e[D|IV] [(Ha)vl(y[t])}%ﬂ

| DIV
LY Uplag[t]) = LY Up(a5(8))
fer

fer
+(e = )|D|IV] {(1 +a)Vl(ym)} o

A (ylt])

IN

|D||NV]
X Liqd[t)>B; Vd,n}
Bl )

VT + DI (

—y Vi (y[t)] = + VValylt]) + 02
+LZUf —LZfof

fer fer

IN

where .
v =¢€(|D[N])) T (1 + o) =,

and

max

B
Gy = | DIV <m2+u : )

Proof of Lemma 5:
Givenylt] = (q[t], [t — 1]), let £3 be the event
{wit] - [t] = pwl[t] - 7 (w(t])} .
Then,

E[Va(y(t + 1)y (t)]
= PlEly()]E
+P[E5ly ()] E[V:
0.P[Esly(t)] + (1 -
= (1-

Va(y(t + 1)y (t), &l
2(y(t+ 1))y (t), €5]
O)E[Va(y(t + 1))y (1), €5l
SE{ (B (w(t +1]) — =[t])
xwlt + 1]} |y[t], £5]
Next, we write the evolution of the weight vecter[t] as
wit + 1] = wt] + r[t] — z[t],

wherer[t] denotes the vector of packets addedwtf| and
z[t] denotes the vector of packets subtracted frofr]. Note

IN

that both of them are upper-bounded. Hence, we can write:

EVa(y(t+ 1)y (?)]

< (1= 0)E[{w[t](fr
+(x[t] — 2[t]) (B (wlt + 1])

(Wit +1]) = =[t])
—w[th¥ly[t], £5]
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We have that the latter term is upper-bounded by a finite
constant. To bound the first term, we have the following
observations:

o w[t]-m*(w[t+1]) < w[t]-7*(w][t]) sincer*(w][t]) is the
optimal weighted matching corresponding to the weight
vectorwlt].

o w[t] - 7[t] > wlt] - 7[t — 1] by the inequality (4).

Combining these, we can find finite positive constaris Cy
such that

EVa(y(t + Dly(®)] < )+ Csv/Va(y[t]) + Ca,

which completes the proof. ]
We now proceed to use this Lemmas to prove our main
result.
Proof of Theorem 2:
Combining those two lemmas, we have:
A

A(y[t) = E[V(y[t+1]) - V(y[)ly[t]
< AT — oVa(yl)
LY Up(aglt]) — LY Up(@5(8))

feF feFr
+ 1+03 \/‘/2 yt +CQ+C4.

Sincex[t] < M,Vf € F,Vt, there exists a constabl,,
such thatU;(z¢[t]) < Upas, Vf € F,Vt. Thus,

Aylt) < —AVayI)]TT = 6Va(y[t]) + LIF|Unas
+(1+C3)V/Va(ylt]) + C2 + Ca.
Let us consider the sdty : V(y) < B} which is a finite
subset of the state spaceyfWe will show thatV (y[t]) has
negative drift outside this set, fd8 large enough.

If V(y[t]) > BthenVi(y[t]) > (B—Va(yl[t]))", and hence,
the above inequality becomes

AWl < -3 —1[<B—v2< [1])) )55

+(1 4 C3)v/ Va(y[t]) — Va(y

whereCs = Cy + Cy +L|f|Um,w Now, for B Iarge enough,
we can get the bound:

(1—=0)Va(y[t]

(16)

1) + Cs,

0 = —3(B = Valyl)) I + (1 + e2) VIR (VI
—oVa(y[t]) + ca.
Therefore,
AWl < - SMGIIET i Viyl) > B

Given the above inequality, Foster's criterion implies the
stability of the Markov chainy[t], and thus, of the queues

AT
ap[t]'s.
Next, note that we can easily find a constéhtsuch that
C1 > Wyt — Va(y[t])
+(1+ Cs) v/ Va(ylt]) + C2 + Cu.
Then, the inequality (16) becomes:

A(y[t) <Cr+ LY Up(aylt]) -
fer

LY Up(a3(8))

feF



Taking expectations of both sides and summing owvet

0,1

1

el

,.., I'— 1, we get
T-1
EV(y(T)) - V(y(0)] < LY > EUs(xslt))]
t=0 feF
—LT Y Ug(a}(8)) + Tes
ferx
T-1
SO EUs s = > Ur(a}(B)
t=0 feF feFr
_VE0O) G
LT L
Taking the limit asT goes to infinity, and applying the
Jensen’s inequality, we get the result:
_ N C
Z Us(zy) > Z Us(23(B)) — fl
fer feF
[ |
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